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Every equation of the lecture series in one place, ordered from
fundamental physics to the highest abstraction. No derivations
and almost no words — those live in the lectures — just the
results, as a reference.

FUNDAMENTAL PHYSICS

The QED Lagrangian — everything in electronics follows
from this

L = ψ̄[iℏcγµ∂µ −mc2]ψ − q[ψ̄γµψ]Aµ − 1

16π
FµνF

µν

Schrödinger equation

iℏ
d

dt
ψ(r, t) = Ĥψ(r, t)

Probability density of a particle

P = |ψ(r, t)|2 , ψ(r, t) = Aei(kr−ωt)

Heisenberg uncertainty

σxσp ≥ ℏ
2

, ∆E∆t >
h

2π

Fermi-Dirac distribution, and its Boltzmann tail

f(E) =
1

e(E−EF )/kT + 1
≈ e(EF−E)/kT

Maxwell’s equations∮
∂Ω

E · dS =
1

ϵ0

∫∫∫
V

ρ · dV ,
∮
∂Ω

B · dS = 0

∮
∂Σ

E · dℓ = − d

dt

∫∫
Σ

B · dS

∮
∂Σ

B · dℓ = µ0

(∫∫
Σ

J · dS+ ϵ0
d

dt

∫∫
Σ

E · dS
)

Force on a charge

F⃗ = qE⃗

SEMICONDUCTORS

Density of electrons in the conduction band

n =

∫ ∞

EC

N(E)f(E)dE

Effective density of states

Nc = 2

[
2πkTm∗

n

h2

]3/2
, Nv = 2

[
2πkTm∗

p

h2

]3/2
Intrinsic carrier concentration

ni =
√
NcNv e

−Eg/(2kT )

Doped silicon (mass action)

nn = ND , pn =
n2i
ND

; pp = NA , np =
n2i
NA

Drift current

J⃗ = qnµE⃗

Diffusion current

J = −qDn
dρ

dx

Thermal voltage

VT =
kT

q
≈ 25.85 mV @ 300 K

DIODE

Built-in voltage of a pn junction

Φ0 = VT ln

(
NAND

n2i

)
Depletion width

W =

√
2εsi(Φ0 + VR)

q
· NA +ND

NAND

Diode equation
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ID = IS

(
eVD/VT − 1

)
, IS = qAn2i

(
Dn

LnNA
+

Dp

LpND

)
Forward voltage temperature dependence

VD =
kT

q
(ℓ− 3 lnT ) + VG ⇒ dVD

dT
=
k

q
(ℓ− 3 lnT − 3)

Difference of two diode voltages (PTAT)

VD1 − VD2 = VT lnN

Generation (leakage) current of a reverse biased junction

Igen =
qAniW

τg

MOSFET

Weak inversion

ID = ID0
W

L
eVeff/nVT if VDS > 3VT

n =
Cox + Cj0

Cox
, ID0 = (n− 1)µnCoxV

2
T

Strong inversion, define

Veff = VGS − Vtn , ℓ = µnCox
W

L

IDS = ℓ



VeffVDS if VDS << Veff

VeffVDS − V 2
DS/2 if VDS < Veff

1
2V

2
eff [1 + λ(VDS − Veff )] if VDS > Veff

Transconductance

gm =
∂IDS

∂VGS
= ℓVeff =

√
2ℓID =

2ID
Veff

(strong) , gm =
ID
nVT

(weak)

Transconductance efficiency

gm
ID

=
1

nVT
(weak) ,

gm
ID

=
2

Veff
(strong)

Output conductance and intrinsic gain

gds =
1

rds
≈ λID , A = gmrds =

2

λVeff

Capacitances

Cgs =
2

3
WLCox (saturation) , Cgd = CoxWLov

Csb = (As +Ach)Cjs , Cjs =
Cj0√
1 + VSB

Φ0

Miller’s theorem

Cin = (1 +A)C , Cout =

(
1 +

1

A

)
C ⇒ Cin ≈ Cgd gmrds

Matching (Pelgrom)

σ2(∆P ) =
A2

P

WL
+ S2

PD
2

Current mismatch (Kinget)

σ2
ID

I2D
=

1

WL

[(
gm
ID

)2

σ2
vt +

σ2
ℓ

ℓ2

]
, σ2

vi =
σ2
ID

g2m

NOISE

Mean square and power spectral density

x2(t) =

∫ ∞

0

Sx(f)df , Sy(f) = Sx(f)|H(f)|2

Thermal noise of a resistor

Sth(f) = 4kTR

Sampled (kT/C) noise bandwidth of an RC

fx =
πf0
2

=
1

4RC

Uncorrelated sources add in power

e2tot = e21 + e22

Signal-to-noise ratio

SNR = 10 log

(
v2sig

e2n

)

Noise factor and Friis’ formula

F =
SNRinput

SNRoutput
, NF = 10 log(F )

F = F1 +
F2 − 1

G1
+
F3 − 1

G1G2
+ · · ·
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CIRCUITS

Common source

A = −gmrds , rout = rds

Common drain (source follower)

A =
gm

gm + gds + gs
, rout ≈

1

gm

Common gate

A = 1 + gmrds , rin ≈ 1

gm

(
1 +

RL

rds

)

Source degeneration and cascode output resistance

rout = rds2 [1 +Rs(gm2 + gds2)] ≈ rds2 gm2Rs

REFERENCES AND BIAS

Bipolar / diode core

VBE = VT ln
IC
IS

(CTAT) , ∆VBE = VT lnN (PTAT)

Brokaw bandgap output

VREF = VBE3 +
R2

R3
VT ln

R2

R1

Bandgap voltage with curvature

VBG = VG0+(m−1)
kT

q
ln
T0
T
+T

[
k

q
ln
J2
J1

2R2

R1
− VG0 − Vbe0

T0

]

FILTERS

Pole/zero frequency

ωp|z ∝ 1

RC
(Active-RC) , ωp|z ∝ Gm

C
(Gm-C)

General biquad

H(s) =
C1

CB
s2 + G2

CB
s+ G1G3

CACB

s2 + G5

CB
s+ G3G4

CACB

SWITCHED CAPACITOR

SC resistance

ZI =
1

C1fϕ

SC gain stage and integrator

H(z) =
C1

C2
z−1 , H(z) =

C1

C2

z−1

1− z−1

First and second order IIR

H(z) =
b

z − a
, H(z) =

bz

z2 − 2az + (a2 + b2)

DATA CONVERTERS

Quantization noise

e2n =
∆2

12
⇒ SQNR ≈ 6.02B + 1.76 dB

Oversampling

SQNR ≈ 6.02B + 1.76 + 10 log(OSR)

First order noise shaping

Y (z) = STF (z)U(z)+NTF (z)E(z) , STF = z−1 , NTF = 1−z−1

SQNR = 6.02B + 1.76− 5.17 + 30 log(OSR)

Figures of merit

FOMW =
P

2Bfs
, FOMS = SNDR+ 10 log

(
fs/2

P

)
DAC: a digital number scales a reference

Vout = Din × Vref

VOLTAGE REGULATION

The inductor and capacitor of a switcher

Ix(t) =
1

L

∫
Vx(t)dt , Vo(t) =

1

C

∫
(Ix(t)− Io(t))dt

Ideal buck output

Vo = Vin × Duty-Cycle
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PLL

A modulated carrier, and phase versus frequency

Am(t) cos (2πfct+ ϕm(t)) , ϕ(t) = 2π

∫ t

0

f(t)dt

Loop gain of a charge-pump PLL

L(s) =
KoscKpdKlpHlp(s)

Ns

Kosc = 2π
df

dVcntl
, Kpd =

Icp
2π

, KlpHlp(s) =
1

s(C1 + C2)

1 + sRC1

1 + sR C1C2

C1+C2

OSCILLATORS

Crystal input impedance

Zin ≈ LCF s
2 + 1

LCFCP s2 + CF + CP

Ring oscillator frequency

f =
1

2Ntpd
, tpd ≈ RC ⇒ f =

µn(V DD − Vth)
4
3NL

2

Current starved ring

f ≈ Icontrol

C V DD
2 N

RADIO

Friis transmission (free space)

PRX =
PTX

D2

[
λ

4π

]2
Receiver sensitivity

PRXsens
= −174 dBm + 10 log10(DR) +NF + Eb/N0

WOULD YOU LIKE TO KNOW MORE?

Every equation here is derived in its own chapter of this book;
the section titles above point at them

Johns and Martin carry the same set with more algebra [1]

[1] D. Johns and K. Martin, Analog integrated circuit
design. John Wiley & Sons, Inc., 1997.
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